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Conditions for sets which make the conical hull of the sets closed are presented 
and a generalized Farkas theorem is obtained. 
1. INTRODUCTION 
It is well known that the conical hull of a finite subset of an Euclidean 
space is closed. Since the conical hull of a set is equal to the conical hull 01 
the convex hull of the set, we may restate the proposition as follows: The 
conical hull of a polytope is closed in Euclidean space. The purpose of this 
paper is to present some theorems generalizing the proposition. In Section 2, 
we define rr-convexity and radial boundary in a topological vector space and 
obtain a generalization (Theorem 1) of the above proposition with these 
concepts. In Section 3, an extension of Theorem 1 is presented in a locally 
convex topological vector space and a generalized Farkas theorem is 
obtained as a corollary of it. 
2. RADIAL BOUNDARIES AND CLOSED CONES 
E denotes a separated real topological vector space. A subset X of E is 
convex if (1 - n)x + 13;~ E X whenever x, y E X and L E [O, 11. The convex 
hull of a subset X of E is the smallest convex set containing X and denoted 
by co X. A subset X of E is a cone if x +y E X and Lx E X whenever 
x, y E X and L > 0. The conical hull of a subset X of E is the smallest cone 
containing X and denoted by C(X). An equivalence relation - on E is 
defined as follows: x-y if there is a positive number 1 such that x=;ly. 
E/- denotes the quotient space of E with respect to the equivalence relation 
-, and 7~ denotes the quotient mapping from E onto El--, that is, E/- is 
equipped with the strongest topology such that the quotient mapping 72 is 
continuous. Note that IL is open, since a-‘(n(X)) = U{LX: L > 0) for any 
subset X of E. 
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LEMMA 1. if x, - yi and li ) 0 for i = 1,2 ,..., n, and C Ai = 1, then there 
are ,4, ruz ,..., pu,>,O such that ~31ui= 1 and CAiXi” C1UiYie 
Proof. There are v,, v2 ,..., v, > 0 such that xi = viyi. If we put v = x Aiv;+ 
then v is positive, and 
\’ lzixi = K’ k,v,y, 
=v 
(- 
~’ (~iV,lV)yi 
) 
. 
If we put pi= JivJv, then pi> 0, xpi = 1 and 
If 2 is a subset of El--, then the q-convex hull (a) of d is defined by 
(X3) = {A(C% 1 IiXj): n is any positive integer, and xi is a 
point of E such that rr(xJ = Ii, where Tj’s are 
n points of 2, and Ai)s are nonnegative numbers 
such that C Ai = 1 }. 
This is well defined by Lemma 1. A subset X of E/- is said to be q-convex if 
d = (8) holds. Properties of q-convexity are listed in the following 
proposition. The proof is routine and omitted. 
PROPOSITION 1. (i) rf8 c ?, then (x) c (9). 
(ii) 2~ (2). 
(iii) ((8)) = (2). 
(iv) Zf xa is a family of q-convex sets? then the intersection n za is q- 
convex. 
(v) ,? is q-convex if and only if (($4;)) c x whenever $4; E 2. 
A subset X of E is said to be x-convex if the image n(X) of X under the 
quotient mapping A is q-convex. Note that if a set is convex, then the set is z- 
convex. 
Let X be a nonempty subset of E. A functional f from X into [ 1, co ] is 
defined by 
f(x) = sup(k Ax E X), x E x, 
and said to be the corresponding functional to X. If the corresponding 
functional f is finite on x\(O), then X is said to be radially bounded. It is 
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easily seen that a bounded set is radially bounded. The radial boundary a,X 
of a radially bounded set X is defined by 
8,X = {f(x)x: x E x/(O) }. 
The radial boundary of a set is contained in the usual topological boundary 
of the set. 
THEOREM 1. If X is a closed z-convex radially bounded subset of E with 
the radial boundary whose closure is compact and does not contain 0, then 
the conical hull of X is closed. 
Proof: Suppose that {x,} is a net in the conical hull C(X) of X 
converging to a point x,, of E. We may suppose that x0 # 0 and x, # 0 for 
all a. For each x,, there are A? > 0 and xg E X (1 < i ( n(a)) such that x, = 
c npxp. Since x, # 0, 1, = CAP is positive. Since X is z-convex, or z(X) is 
q-convex, we have 
by (i) of Proposition 1. Hence it follows that 
There are yn E X and ,u= > 0 such that ?c, = ,B, ya. If f is a corresponding 
functional to X and 
and “a = PJ(Y,h 
then x, = v, z, , v, > 0 and z, E 8,X. Since the closure 3,X of a,X is 
compact, by considering a subnet, we may assume that the net {z,} 
converges to a point z0 of X. There are circled neighborhood CT and V of 0 
such that U does not intersect 8,X and V + Vc U. Since there is a,, such 
that x, = V, z, E x0 + V whenever a > a,. The subnet {v,: a > a0 } of the net 
( va} is bounded. If (v,: a > a,) is not bounded, then 
z, Ex,/v, + (l/v,)Vc v+ Vc u 
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for some a with a > at,. This is a contradiction. Hence there is a subnet (v,,, } 
of (v,} converging to a nonnegative number vO. Therefore it follows that 
x0 = lim x as 
= lim v,,z,, 
or -x0 E C(X). 
A subset X of E is a polytope if X is the convex hull of a finite subset of 
E. It is well known that a polytope is convex and compact. 
PROPOSITION 2. The closure of the radial boundary of a polytope does 
not contain 0. 
Proof. Let X be a polytope. We may define the radial boundary of X. 
since X is compact. If the dimension of the linear subspace of E spanned by 
X is m, then we may suppose that E is the m-dimensional Euclidean space 
R”. If X does not contain 0, then the radial boundary 8,X of X also does not 
contain 0, and hence we may assume that 0 is contained in X. If X = (01. 
then a,X is empty, and hence we may moreover assume that X contains {O} 
properly. There are finite points a,. a, ,..., a, of R”’ and b,, b? ,..., 6, of R 
such that 
X= (xE R”: (ai,x) >bi for i= 1, 2 ,..., n}. 
where (ai, x) denotes the Euclidean inner product of a, and x. Since 0 is 
contained in X, bi < 0 for all i. If bi = 0 for all i, then there is a nonzero x 
such that (a,. x) >, 0 for all i. Hence 
(a,, Lxj = L(ai, X) 2 0 for all i and A > 0. 
This shows that Ix is contained in X whenever A is nonnegative, which 
contradicts the compactness of X. Hence there is an i such that bi < 0. 
Therefore we may assume that there is an integer p such that 1 < p < n and 
bi <O if l,<i<p, 
bi =0 if p+ l<i<n. 
Let x be any point of x\(O}. If (ai, x) 2 0 for all i, then the same argument 
as above leads to the contradiction with the compactness of X. Hence there 
is an i such that (a,, x) < 0. Since x is in X, bi < 0 for such i. Therefore we 
may assume that there is an integer p, such that 1 <p, <p and 
bi<(ai,x)<O if 1 <i<p,, 
bi < 0 and (a,, x) > 0 if p,+ 1 Qi<p, 
b,=O if p+ l<i<n. 
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If we put 
L = min{b,/(a,, x): 1 ,< i <p,}, 
then L.Y is contained in X. In fact, if 1 ( i (p,, then 
(Ui,~X)=L(U,,X)~(bi/(Ui,X))(Ui,X)=bi. 
Ifp,+ 1 <i<p, then 
(Ui,IX)=l(Ui,X)ZO > bi. 
Ifp+ 1 <i<n, then 
(Ui, Lx) = I(Ui, x) > Abi = 0 = bi. 
Therefore iff is the corresponding functional to X, then 
Ilf(x)x II =f(x) II x II 
> 1 Ml 
= @i@koY x>) lbll 
for some i, such that 1 < i, Gp,, 
> Ibiol/lIuiall 
> min{)b,J: 1 < i <p}/max#u,JJ: 1 Q i (p) 
> 0. 
This shows that 0 is not contained in 8,.X. 
Remark. Theorem 1 is an answer to the question in [I]. 
3. B-COMPACTNESS AND CLOSED CONES 
In this section E denotes a locally convex separated real topological vector 
space. A subset X of E is said to be rc-compact if the image K(X) under the 
quotient mapping II is compact in the quotient space El--. We generalize 
Theorem 1 with x-compactness in case E is locally convex. 
THEOREM 2. If X is a z-convex subset of E such that the set x\{O) is TF 
compact, then the conical hull of X is closed. 
ProoJ Suppose that {x, ) is a net in tbe conical hull C(X) of X 
converging to a point of x0 in E. Then we may suppose that x,, # 0 and 
x, # 0 for all a, and a(~,) E n(X) for all a by the same argument of Proof of 
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Theorem 1. Since x, # 0, x(x,) is in n(x\{O)) and there is a subnet {xag} of 
{x,} such that n(x,J converges to f, in r(x\{O)), since x\{O/ is n-compact. 
Since n(xag) converges to n(x,), if x(E\{O)) is separated, then we have 2, = 
n(x,), or there is a positive number I and a point x, of x\{O) such that x, = 
Lx,. This shows that x,, E C(X). We only need to show that Z&\(O)) is 
separated to complete the proof. Let n(x) and K(Y) be in rr(E\(O}), where 
x,-v E E\(O}, and n(x) f n(y). If N is a subspace of E spanned by x and .t’. 
then N is separable and normable, since N is a finite dimensional topological 
vector space. If we put A = n-‘(Z(X)) u (0) and B = 71.-‘(rr(~r)) U (O}, then 
A and B are closed locally compact cones in N. Then, from [4. 
Theorem 2.71, there is a continuous linear functional g on N such that 
g(x) > 0 and g(y) < 0. The continuous linear functional g can be extended to 
a continuous linear functional G on E. If we put 
H+ = {z E E: G(z) > 0) and H- = (z E E: G(z) < 01, 
then n(H+) and z(H-) are separating neighborhoods of x and y. If n(H+) n 
~c(H-) is nonempty, then there are u in H+ and c’ in H- such that K(U) = 
r(u), that is, u = Au for some 1 > 0. Then it follows the contradiction 
0 < G(u) = kG(v) < 0. 
Since z is open, $HC) and n(H-) are neighborhoods of x and y, respec- 
tively. 
COROLLARY 1. Let E befinite dimensionaf and X is a n-convex subset of 
E. Then the conical hull of X is closed tf and only tf the set x\(O) is x- 
compact. 
Proof. We may regard E as the m-dimensional Euclidean space Rm for 
some nonnegative integer m. The set S is the unit sphere of R”, that is. S = 
(x E R”‘: (1x(1 = 1). S ince X is r-convex, we have n(x\(O}) = x(C(X) n S). It 
follows that n(x\{O)) . is compact, since C(X) n S is compact if C(X) is 
closed. The converse is obvious from Theorem 2. 
Next we present a generalization of the Farkas theorem. E’ denotes the 
dual space of E, that is, the set consisting of all continuous linear functionals 
on E. 
THEOREM 3. Let X be a subset of E such that the co Xj(O} is r-compact, 
and x,, be a point of E. If g(xO) > 0 for every g E E’ satisfying the 
inequalities g(x) > 0 for all x E X, then there are finite points x,, x2 ,..., x, in 
X and n nonnegative numbers A,, AZ ,..., A,, such that 
x0= + AiXi. 
i= L 
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ProoJ If x, # c I+, for any finite points x, , x2 ,..., x, of X and n 
nonnegative numbers A,, A, ,..., A,, then x0 is not contained in the conical hull 
C(X) of X, while C(X) is closed from Theorem 2. If we put A = n-‘(~(x,,)) u 
{O}, then A is a closed locally compact cone and C(X) n A = {O }. Hence 
there is g in E' such that g(x,,) < 0 and g(x) 2 0 for all x E X from [4, 
Theorem 2.51. This contradicts the hypothesis. 
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